Abstract. We investigate the Hermitian curvature flow (HCF) of left-invariant metrics on complex unimodular Lie groups. We show that in this setting the flow is governed by the Ricciflow type equation ∂tgt = −Ric 1,1 (gt). The solution gt always exist for all positive times, and (1 + t) −1 gt converges as t → ∞ in Cheeger-Gromov sense to a non-flat left-invariant soliton (Ḡ,ḡ). Moreover, up to homotheties on each of these groups there exists at most one left-invariant soliton solution, which is a static Hermitian metric if and only if the group is semisimple. In particular, compact quotients of complex semisimple Lie groups yield examples of compact non-Kähler manifolds with static Hermitian metrics. We also investigate the existence of static metrics on nilpotent Lie groups and we generalize a result in [16] for the pluriclosed flow. In the last part of the paper we study HCF on Lie groups with abelian complex structures.
Introduction
Hermitian curvature flow (or shortly HCF) is a natural parabolic flow of Hermitian metrics introduced in [46] by Streets and Tian. It evolves an initial Hermitian metric in the direction of a Ricci-type tensor defined as a trace of the Chern curvature modified with some first order torsion terms. In the compact case, HCF is a gradient flow and has nice analytic properties, such as short time existence and stability near Kähler-Einstein metrics with non-positive scalar curvature [46] . For Kähler initial metrics, the flow reduces to the Kähler-Ricci flow.
In order to describe the evolution equation more precisely, let (M, g) be a Hermitian manifold of complex dimension n with Chern connection ∇ and let Ω be the curvature tensor of ∇. Denote by S the (1, 1)-symmetric tensor given by
Let T be the torsion of ∇, T k ij its components and Q = Q ij be the (1, 1)-tensor defined by
where the Q i are quadratic expresions on the torsion given by
and T ijk := g ak T a ij . HCF is then defined as (1) ∂ t g t = −K(g t ) , g |t=0 = g 0 , where g 0 is a fixed initial Hermitian metric on M and
K(g) := S(g) − Q(g) .
In the present paper we study the behavior and the existence of self-similar solutions to the HCF on Lie groups, with a special emphasis on complex Lie groups.
In our first main result we completely describe the long-time behavior of the flow for leftinvariant initial metrics on complex unimodular Lie groups. where Ric(g t ) denotes the Levi-Civita Ricci tensor. The family of left-invariant Hermitian metrics g t is defined for all t ∈ (−ǫ, ∞) for some ǫ > 0, and (1 + t) −1 g t converges as t → ∞ to a non-flat left-invariant HCF soliton (Ḡ,ḡ), in the Cheeger-Gromov topology.
By Cheeger-Gromov topology we mean that for any increasing sequence of times there is a subsequence (t k ) k∈N for which the corresponding Hermitian manifolds converge in the following sense: there exist biholomorphisms ϕ k : Ω k ⊂Ḡ → ϕ k (Ω k ) ⊂ G taking the identity ofḠ to the identity of G, such that the open sets Ω k exhaustḠ, and in addition ϕ * l g t k →ḡ as k → ∞, in C ∞ topology uniformly over compact subsets.
An HCF soliton is a Hermitian metric g such that
for λ ∈ R and some complete holomorphic vector field X. Here L denotes the Lie derivative. The relevance of (2) is given by the fact that the corresponding HCF solution g t starting at g is given by g t = c(t) ϕ * t g, for some one-parameter family of biholomorphisms ϕ t : G → G and some scalings c(t) > 0. We call a left-invariant HCF soliton algebraic if ϕ t is a Lie group automorphism of G for each t.
Particular examples of solitons are given by the so called static metrics, that is, those satisfying the Einstein-type equation K = λg, λ ∈ R.
In the compact case, static metrics are critical points of the functional
acting on the space of Hermitian metrics, where k = gj i K ij .
Our second main result is about the existence and uniqueness of left-invariant HCF solitons on complex unimodular Lie groups. It gives in particular a complete classification of left-invariant static metrics on such groups. Definition 3.6) induced by the Killing form of g are static with λ < 0.
Theorem 1.2. A complex unimodular Lie group G has at most one HCF algebraic soliton up to homotheties. Moreover, G has a static left-invariant metric if and only if it is semisimple, and in this case the 'canonical metrics' (in the sense of
This result yields in particular the existence of many compact non-Kähler manifolds admitting static metrics. Indeed, every semisimple Lie group admits a co-compact lattice and compact quotients of complex Lie groups by lattices can be Kähler only if they are tori.
A main ingredient in the proof of our main results is the fact that K(g) can be viewed as a moment map for the action of the real reductive Lie group Gl(g) on the vector space of Lie brackets Λ 2 g * ⊗ g in the sense of real geometric invariant theory, see Lemma 2.1 and Section 3.1. This in turn is based on the formula K(g) = Ric 1,1 (g), which holds for any left-invariant Hermitian metric g on a complex unimodular Lie group G. We also have that K(g) = Ric(g) if and only if the Killing form of the Lie algebra g of G vanishes. In particular, for a complex nilpotent Lie group with Hermitian left-invariant metric, the Ricci flow and the HCF coincide. It is interesting to note that, in this case, our results agree with those obtained by Lauret for the Ricci flow [28] .
Let us also mention that other flows in the HCF family have been studied quite extensively in the literature. By HCF family we mean the following: since short-time existence of HCF (1) in the compact case follows from the ellipticity of the operator g → −S(g) acting on the space of Hermitian metrics compatible with a fixed complex structure, it is clear that that by changing the lower order torsion term Q(g) in (1) one also gets a well-defined parabolic evolution equation. In this direction, in [45] Streets and Tian introduced the pluriclosed flow (shortly PCF), a modification of the HCF which preserves the pluriclosed condition ∂∂ω = 0, defined by
It evolves an initial pluriclosed form ω 0 via ∂ t ω t = −(ρ B ) 1,1 , where ρ B is the Ricci-form of the Bismut connection. Some regularity results involving the PCF are known [43, 45, 48] , the PCF preserves the generalized Kähler condition, and is a powerful tool in generalized geometry [3, 42, 43, 47] . In the case of homogeneous Hermitian structures, the PCF on Lie groups was initially studied in [17] , where it is proved that the flow on 2-step nilpotent SKT Lie groups has always a long-time solution (see also [40] ). The proof of the result was obtained by adapting the bracket flow trick introduced by Lauret in [28] to study the Ricci flow on Lie groups. In [7] , Boling studied locally homogeneous solutions to the PCF on compact complex surfaces, and in [31] Lauret gives a regularity result for a class of flows on Lie groups which includes PCF. Also, an analogous result to Theorem 1.1 for the PCF on 2-step nilmanifolds was recently obtained in [4] . Recently, Ustinovskiy introduced in [49] the following modified HCF (4)
This last equation preserves non-negativity of the holomorphic bisectional curvature of the Chern connection. In [50] Ustinovskiy studied the modified HCF on complex Lie groups and on complex homogeneous spaces and he proved that the flow preserves the assumption on a Hermitian metric on a complex homogenous spaces G/H to be induced by an invariant metric on G. Hence if g 0 is an induced metric on G/H equation (4) is equivalent to an ODE on the Lie algebra of G. Note that induced metrics are not in general homogenous, i.e. they need not be invariant under a transitive group action. Regarding the existence of static metrics for other flows in the HCF family, we recall that bi-invariant metrics on compact semisimple Lie groups compatible with a left-invariant complex structure are pluriclosed and static for the PCF, with λ = 0. On the other hand, it is still an open problem to find an example of a compact, non-Kähler manifold admitting a pluriclosed metric which is static for the PCF but has λ = 0. Such metrics do not exist on compact complex non-Kähler surfaces [45, 36] , on non-abelian nilpotent Lie groups, and on some special solvable Lie groups [17, 18, 19] . On the other hand, let us mention here that solitons of the the pluriclosed flow on compact complex surfaces were classified in [44] .
The paper is organized as follows. In Section 2 we give general formulae for the tensors S and Q i for left-invariant metrics on Lie groups, in terms of the bracket's components. We also point out how K is related to the Ricci tensor in case the Lie group is complex. In Section 3 we prove Theorems 1.1 and 1.2. In Section 4 we study explicitly the HCF on 3-dimensional complex Lie groups. In Section 5 we study the existence of static metrics on nilpotent Lie groups, while in the last section we take into account the evolution of Hermitian metrics compatible with abelian complex structures.
Notation and conventions. In the indicial expressions, the symbol of sum over repeated indices will be omitted. When talking about a complex Lie group, it will always be understood that it is endowed with the complex structure that makes multiplication a holomorphic map (i.e. J is bi-invariant). between the third author and Jorge Lauret. The authors are very grateful to Lauret for many useful insights on the problems studied in the paper. Moreover, the author are grateful to Marco Radeschi for usuful conversations and to Fabio Podestà for his interest on the paper.
2. Some general formulae on Lie groups 2.1. The tensor K on Lie groups. Let G be a Lie group equipped with a left-invariant complex structure J. We denote by g the Lie algebra of G and by µ its Lie bracket. In this section we compute the tensor K of a left-invariant Hermitian metric g on G in terms of the components of µ with respect to a g-unitary basis.
Let {Z 1 , . . . , Z n } be a left-invariant g-unitary frame on G, and let ∇ be the Chern connection, i.e. the unique Hermitian connection (∇J = ∇g = 0) for which the (1, 1)-part of the torsion tensor vanishes. The latter property implies that we can write
or, in terms of the Christoffel symbols of ∇, 
It follows that
In the same way Notice that if G is a complex Lie group, then the mixed brackets µ(Z r , Zs) vanish and so we have the following relations
Now we use the previous formulas to show how K and the Riemannian Ricci tensor are related on a complex Lie group. According to [6, (7.33) ] the Riemannian Ricci tensor of a left-invariant metric g on a Lie group G can be written as
is the Killing form of g, H is the mean curvature vector, uniquely determined by the relation g(H, X) = tr ad X , for all X ∈ g, and 
Moreover,
Proof. Let {X 1 , . . . , X 2n } be a J-invariant orthonormal basis of g, where J is the complex structure of G. We directly compute
for every X, Y in g, which implies that M is of type (1, 1). Moreover,
which imply (7) . Let {Z r } be a unitary frame. We have
kl µī kj and (5) implies the second part of the statement.
Lemma 2.1 has the following direct consequence:
. Let G be a complex semisimple Lie group. Then, the Ricci tensor of a leftinvariant Hermitian metric on G is never of type (1, 1). In particular G has no left-invariant Hermitian metrics which are also Einstein.
Next we focus on unimodular complex Lie groups. We recall that a Lie group G is unimodular if tr ad X = 0 for all X ∈ g. If G is equipped with a left-invariant Hermitian structure, the unimodular condition reads in terms of a left-invariant unitary frame as
If G is a complex Lie group, the unimodular condition simply reduces to (9) µ r ir = 0 , i = 1, . . . , n . 
Moreover, if one of these holds, then K = Ric if and only if the Killing form of g vanishes. In particular, if G is nilpotent then
Proof. We have
Since
and the equivalences 1 ⇐⇒ 2 ⇐⇒ 3 follow. Finally, it is well-known that a nilpotent Lie algebra is unimodular and has zero Killing form, thus the last part in the statement follows.
Note that if g is a left-invariant Hermitian metric on a complex unimodular Lie group, by (5) and Lemma 2.1 with respect to a unitary frame K is given by (10)
The following corollary will have a central in role in the study on the HCF on unimodular complex Lie groups Corollary 2.4. Let G be a complex unimodular Lie group with a left-invariant Hermitian metric g 0 . Then HCF starting at g 0 reduces to
where M is defined via (6).
2.2. The bracket flow approach. In this section we recall the bracket flow device introduced by Lauret in [28] and used in [4, 17, 31, 32, 33] to study geometric flows of (almost)-Hermitian structures. The trick consists in regarding the flow as an evolution equation for Lie brackets instead of metrics. The argument can be used to study evolutions of a large class of geometric structures on homogeneous spaces [32] .
Let G be a Lie group with Lie algebra g. The Lie bracket µ 0 of g is an element of the variety of Lie algebras
Let (g t ) t∈I , 0 ∈ I ⊂ R, be the unique solution to the following flow on G:
The map P is a 'geometric' operator (that is, invariant under diffeomorphisms) from the space of Riemannian metrics on G to the space of symmetric 2-tensors (for instance, P (g) = 2 Ric(g) in the case of the Ricci flow). Uniqueness and diffeomorphism invariance imply that no symmetries are lost along a given solution, thus if the initial metric g 0 is left-invariant, then g t remains leftinvariant for every t > 0, and one can write g t in terms of the starting metric g 0 as
for a smooth curve (A t ) t∈I ⊂ Gl(g) with A 0 = Id g . Even though the curve A t is of course not unique, Theorem 1.1 in [31] shows that one can choose it so that the corresponding family of brackets
satisfies the bracket flow equation
Here, (A, µ) → A · µ is the 'change of basis' linear action of Gl(g) on C ⊂ Λ 2 g * ⊗ g, given by
and π : End(g) → End(Λ 2 g * ⊗ g) is the corresponding Lie algebra representation
Finally, P µt ∈ End(g) is related to P (g t ) by
The bracket flow is a powerful tool for proving results about the long-time existence and regularity of geometric flows on homogeneous spaces. For instance, in certain cases (such as the Ricci flow and the pluriclosed flow on 2-step nilpotent Lie groups), one has d dt µ t , µ t ≤ 0, which implies long-time existence for the ODE (12) and hence also for the original flow.
The M-flow
In view of Corollary 2.4, the HCF starting at a left-invariant metric g 0 on a complex unimodular Lie group G reduces to the ODE (14) d dt g t = −M(g t ) , g |t=0 = g 0 , which we call the M-flow. The same is true for the Ricci flow of left-invariant metrics on a nilpotent Lie group [28] , and so (14) models both the HCF on complex Lie groups and the Ricci flow on simply-connected nilpotent Lie groups.
In this section we study (14) in the "general" setting of a Lie group G equipped with a left-invariant initial metric g 0 . Theorem 1.1 and 1.2 arise from the results of this section.
3.1. The tensor M is a moment map. After fixing a backgroung metric g 0 on G, we have an induced scalar product on g, and this in turn gives naturally defined scalar products on any tensor product of g and its duals. In particular, on End(g) we have the associated scalar product
where the transpose is taken with respect to g 0 . If {e i } is a g 0 -orthonormal basis of g and {e i } its dual, then on Λ 2 g * ⊗ g one may consider the scalar product, also denoted by ·, · , making
It is easy to see that this does not depend on the choice of basis.
Given another left-invariant metric g(·, ·) = g 0 (A·, A·) on G, A ∈ Gl(g), we follow the approach described in Section 2.2 and set µ := A · µ 0 and
Notice that M µ is g 0 -symmetric. Having introduced the Gl(g)-action on Λ 2 g * ⊗ g and the above notation, we are now in a position to state a remarkable property of the tensor M, first observed in [34] for the case of the corresponding complexified representation of Gl n (C) and proved in [35, Prop.3.5] in the real setting. For convenience of the reader we include a short proof in our notation. We refer to [8] for further details on moment maps in this setting. 
is a moment map for the linear Gl(g)-action on Λ 2 g * ⊗g, in the sense of real geometric invariant theory. That is,
where π(E)µ is defined as in (13) .
Proof. Let {e r } be a g 0 -orthonormal basis for g. Since the statement to prove is linear in E, we may assume without loss of generality that the matrix of E with respect to the basis {e r } has a 1 in its i, j entry, and 0's otherwise. Denote by µ k rs the structure coeficients of a bracket µ with respect to {e r }. Then, the left-hand side equals On the other hand, the right-hand side equals
which, by the skew-symmetry of µ, coincides with the formula for M µ , E obtained above.
3.2.
Long-time behaviour of the M-flow.
Definition 3.2. A left-invariant metric g on a Lie group G with Lie algebra g is an algebraic M-soliton if its M tensor satisfies
On a simply-connected Lie group G, algebraic M-solitons give rise to very special solutions to the M-flow (14) . Indeed, let ϕ t ∈ Aut(G) be the unique automorphism such that dϕ t | e = e −tD ∈ Aut(g). Then a quick computation shows that a solution to the M-flow (14) starting at g is given by g t := (−λt + 1) ϕ * t g, and therefore g is a soliton solution in the usual sense (it only evolves by scaling and pull-back by diffeomorphisms). 
exists for all t ∈ [0, ∞), and the rescaled metrics (1 + t) −1 g t converge as t → ∞ in CheegerGromov sense to a non-flat algebraic M-soliton (Ḡ,ḡ).
Proof. Let (µ t ) t∈I , I ⊂ R, denote the corresponding maximal bracket flow solution satisfying (12) , where P µt = M µt . By the equivalence of the bracket flow and the original flow, it suffices to prove that µ t is defined for all t ∈ [0, ∞). By looking at how the norm of µ t evolves, we see that
where in the last equality we used Proposition 3.1. It follows by standard ODE results that the solution µ t is defined for all positive times. The proof of the last part of the statement will follow from three claims. The first one is that the norm-normalized bracket flow µ t / µ t converges to a soliton bracketμ. The second one is that µ t ∼ t −1/2 , thus up to a constant the metrics corresponding to the normalized brackets µ t / µ t are assymptotic to the family (1 + t) −1 g t (recall that scaling the metric by a factor of c > 0 is equivalent to scaling the corresponding bracket by c −1/2 [30, §2.1]). The third claim is that convergence of the brackets yields subconvergence in the Cheeger-Gromov sense for the corresponding family of left-invariant metrics.
In order to prove the first claim, we recall that by [4, Lemmma 2.5], after a time reparameterization, the normalized solution ν t := µ t / µ t solves the so called normalized bracket flow equation
where r ν := π(M ν )ν, ν = 4 M ν 2 , and in the last equality we used Proposition 3.1. By [8, Lemma 7.2] this last flow is (up to a constant time rescaling) the negative gradient flow of the real-analytic functional
see also [4, Corollary 3.5] and [28] . By compactness, the family of unit norm brackets (ν t ) t∈[0,∞) must have an accumulation pointν. Now Lojasiewicz's theorem on real-analytic gradient flows [37] implies that ν(t) →ν as t → ∞, and in particularν is a fixed point of (17) , that is
This directly implies that the corresponding metric is an algebraic M-soliton. The second claim is proved in the second paragraph of the proof of [4, Theorem A]. Finally, the last claim is a consequence of [29, Corollary 6.20] , and the theorem follows.
The proof of Theorem 3.3 shows that the derivation in any algebraic M-soliton arising as a limit is symmetric, so that M(g) satisfies the following simplified equation
In fact, it can be proved directly that (16) implies (18):
. On a non-abelian Lie group G, every algebraic M-soliton is expanding (λ < 0) and satisfies (18).
Proof. It is enough to show that if a left-invariant metric g satisfies (16) then D t is also a derivation, where the transpose (·) t is with respect to g. In the notation from Section 3.1, if one chooses g as background metric, then A = Id and Proposition 3.1 implies
By setting E = [D, D t ], and using that π is a Lie algebra morphism, that π(E t ) = π(E) t , and that π(D)µ = 0 (which is equivalent to D being a derivation), we obtain
On the other hand, (16) is equivalent to
Putting this together with the above equation yields
which implies that D t is a derivation of g, as required. Finally, to see that λ < 0 we first assume that D = 0. In such a case (18) and (19) yield
Using that tr D 2 = tr DD t > 0, the claim will follow once we show that tr D > 0. To that end, notice that by tracing (18) we obtain
and replacing this into (21) yields
The left-hand-side is non-negative by Cauchy-Schwarz, with equality if and only if D = d Id, d = 0. Since D is a derivation and g is non-abelian, we cannot have equality, hence tr D > 0 as desired.
3.3.
Uniqueness and static metrics. In order to characterise the groups which admit algebraic M-soliton metrics we will need the following lemma due to Dotti:
Lemma 3.5.
[13] Let G be a Lie group with Lie algebra (g, µ), left-invariant metric g, and consider an abelian ideal i ⊂ g. Then,
In particular, if G admits a left-invariant metric g with
Proof. Let {Z i } be an orthonormal basis of i and extend it to an orthonormal basis
Summing as Z ranges through the basis {Z i } we get
Finally, the last claim follows from the fact that a Lie algebra is semisimple if and only if it has no abelian ideals. Now we introduce the notion of 'canonical metric' of a semisimple Lie algebra. Any semisimple Lie algebra g admits a Cartan decomposition g = k ⊕ p, i.e. the following bracket relations are satisfied
and in addition the Killing form B of g is negative definite on k, positive definite on p and B(k, p) = 0. By switching the sign of B on k we thus obtain an inner product on g.
Definition 3.6. A left-invariant metric on a semisimple Lie group G with Lie algebra g is a canonical metric if it induces on g the above defined inner product.
The construction described above depends of course on the choice of Cartan decomposition, but since any two Cartan decompositions differ only by an automorphism (see e.g. [25] ), any two canonical metrics ·, · and ·, · ′ on g are related by
Recall that the left-invariant metrics induced on G by two such inner products on g are isometric, hence the canonical metric on a semisimple Lie group is unique up to isometry. In the particular case of a complex semisimple Lie algebra g, a Cartan decomposition is obtained by considering a compact real form g R and setting k = g R , p = ig R , see [25, Thm. 6.11] . Recall that g R is a real form of g if g = g R ⊕ i g R and the Lie bracket of g is the C-linear extension of the Lie bracket of g R . The compact real Lie algebra g R is also semisimple and its Killing form B g R is negative definite. Clearly, the Killing form B g of g is negative definite on g R , positive definite on i g R , and B g (g R , ig R ) = 0. By switching the sign on g R we thus obtain a positive definite inner product on g. 
Moreover, if G is not abelian, the Einstein-type equation
M(g) = λ g , λ ∈ R
has a solution if and only if G is semisimple, and in this case λ < 0 and a solution is given by the 'canonical metric' induced by the Killing form of g.
Proof. Fixing g as background metric, the algebraic soliton equation is equivalent to
From the proof of Theorem 3.3 it follows that µ is an algebraic M-soliton if and only if it is a critical point of the functional F (µ) = M µ 2 / µ 4 (cf. also [34, Proposition 3.2] ). Critical points for the norm of the moment map have been extensively studied in geometric invariant theory, and they enjoy a number of nice properties which are analogous to those satisfied by minimal vectors (i.e. the zeroes of the moment map). In particular, by the uniqueness result [8, Corollary 9.4] two critical points in a fixed orbit Gl(g) · µ must lie in fact in the same O(g)-orbit. Since brackets in the same O(g)-orbit correspond to isometric left-invariant metrics on G, this finishes the proof of the first claim.
Regarding the second claim, for the canonical metric g on a semisimple Lie algebra with Cartan decomposition g = k ⊕ p we have that ad X is skew-symetric for X ∈ k and symmetric for X ∈ p. Thus if {X k } is an orthonormal basis for g which is the union of basis for k and p, then for X ∈ k by (6) we have
and analogously for X ∈ p. Thus, M(g) = − 1 4 g.
Conversely, if G non-abelian and admits a metric satisfying M(g) = λg then λ < 0, since
In particular, M(g) < 0, and by Lemma 3.5 the group G is semisimple.
3.4.
Applications to the HCF. 
Proof. We recall that a compact complex manifold admits a Hermitian metric g 0 with trivial Chern holonomy if and only if it is the compact quotient of a complex Lie group G by a lattice Γ and g 0 lifts to a left-invariant metric on G [10] . By uniqueness, the solution to HCF starting at g 0 remains left-invariant and the claim then follows from Theorem 1.1.
Moreover, according to the analysis of solitons to the M-flow in section 3.2, we say that a left-invariant Hermitian metric g on a Lie group G with a left-invariant complex structure is an algebraic HCF soliton if
On a simply-connected Lie group G an algebraic HCF soliton is a soliton in the usual way. Indeed, if ϕ t ∈ Aut(G) is the unique automorphism such that dϕ t | e = e −tD ∈ Aut(g), then g t := (1 − λt) ϕ * t g solves HCF. Proposition 3.4 implies the following Proposition 3.9. Every algebraic HCF soliton g on a non-abelian complex unimodular Lie group is expanding and satisfies
HCF on 3-dimensional complex Lie groups
Recall that there exist exactly three non-abelian unimodular simply-connected complex Lie groups: SL(2, C), the 3-dimensional Heisenberg Lie group H 3 (C) and a solvable Lie group S 3,−1 (see e.g. [39] ).
SL(2, C). This is a simple Lie group and admits a left
In matrix notation we can consider as frame {Z 1 , Z 2 , Z 3 }
A direct computation yields that the "standard" metric.
is static with k = − 3 2 , in accordance with Theorem 1.2. Here {ζ k } is the dual frame to {Z k }. Let us denote a left-invariant metric g diagonal, if it can be written as
We study the behavior of HCF on SL(2, C) starting at a diagonal metric
For an arbitrary diagonal metric g as in (22) we have
thus the HCF flow is governed by the following equationṡ
These can be explicitly solved. Indeed, from the above equations we deducė
By substituting the last equation in the first two we get
where β and γ are primitives of b and c, respectively. Therefore we get b c = γ β ,
i.e., ββ = γγ. It follows (β 2 ) ′ = (γ 2 ) ′ and by arguing in the same way we get
where α is a primitive of a. Hence we get
From (23) 
H 3 (C)
. This is the 2-step nilpotent Lie group defined by
The group admits a left-invariant (1, 0)-frame {Z 1 , Z 2 , Z 3 } such that
where {ζ 1 , ζ 2 , ζ 3 } is the dual frame of {Z 1 , Z 2 , Z 3 } and µ is the Lie bracket on h 3 (C). Proof. Let g be a left-invariant Hermitian metric on H 3 (C). We can find a unitary frame {W 1 , W 2 , W 3 } of g such that
Where {Z 1 , Z 2 , Z 3 } is the left-invariant (1, 0)-frame (24) . With respect to this new frame µ writes as
for some constant a ∈ C, where {α 1 , α 2 , α 3 } is the dual frame to {W k }. From (10) we get
and D is a derivation if and only if
Therefore if we take
K − λI is a derivation of h 3 (C) and g is a soliton of HCF.
4.3. S 3,−1 . This is a 2-step solvable Lie group whose Lie bracket can be written in terms of a suitable (1, 0)-frame
The group belongs to a family S 3,λ having structure equations
and it is the only unimodular group in that family. Proof. Given g we can find a unitary frame {W 1 , W 2 , W 3 } such that
With respect to this new frame we have
for some s, a ∈ C with s = 0 . Note that
With respect to the frame {W 1 , W 2 , W 3 }, the matrix of K g is given by
We are looking for a derivation D such that
Setting
from the structure equations we have
and since s = 0, we deduce
and that D is diagonal. From (26) it follows a = 0 and g(Z 1 ,Z 2 ) = 0. On the other hand if g(Z 1 ,Z 2 ) = 0 then a = 0 and (26) reduces to
where D = diag(|s| 2 , |s| 2 , 0). Since
D is a derivation and g is an algebraic soliton.
4.4. S 3,λ with λ > 0. In this section we study the HCF on a family of non-unimodular complex solvable Lie groups of dimension 3. If g = a ζ 1 ⊙ζ 1 + b ζ 2 ⊙ζ 2 + c ζ 3 ⊙ζ 3 is a diagonal metric, then (5) implies
and HCF starting from g 0 = a 0 ζ 1 ⊙ζ 1 + b 0 ζ 2 ⊙ζ 2 + c 0 ζ 3 ⊙ζ 3 reads aṡ
An explicit solution is given by
and the maximal solution to HCF starting at g 0 is defined for t ∈ (−∞, a 2 0 /2λ) . This in particular shows that HCF may develop finite-time singularities on complex Lie groups which are not unimodular.
Static left-invariant metrics on nilpotent Lie groups
In this section we focus on nilpotent Lie groups G with a left-invariant Hermitian structure. In [16] it is proved that left-invariant pluriclosed metrics on non-abelian 2-step nilpotent Lie groups are never static with respect to to the PCF. In this section we generalize the result for a class of flows including HCF.
For x = (x 1 , x 2 , x 3 , x 4 ) ∈ R 4 and for a Hermitian metric g we set
We can then consider the geometric flow
In this way,
• for x = (1/2, −1/4, −1/2, 1) the flow corresponds to the HCF;
• for x = (1, 0, 0, 0) the flow corresponds to the PCF (3);
• for x = (0, −1/2, 0, 0) the flow corresponds to the modified HCF (4).
Lemma 5.1. Fix x ∈ R 4 such that
Let G be a Lie group with a left-invariant complex structure J. Assume z ∩ J(z) = 0, where z is the center of the Lie algebra of G. Then every left-invariant Hermitian metric g on G such that
is Kähler Ricci-flat.
Proof. Let g be a Hermitian metric and set q i := tr g Q i . With respect to a unitary frame we have
Here w i = g jk T ijk . Let now g be left-invariant. By the assumption z ∩ J(z) = 0, there exists a left-invariant unitary frame {Z i } on (G, g) such that Z 1 ∈ z ⊗ C. By the formulae in Section 2 we have S 11 = µ1 kr µ 1 kr , and
rr . Our assumptions on x then imply that K x (Z 1 ,Z 1 ) ≥ 0. Assume now that g further satisfies (28) . Since nλ = tr g K x = nK x (Z 1 , Z1), we have that tr g K x ≥ 0. Thus,
since s ≤ 0. Hence we must have equality and q i = 0. This implies T = 0 and Q i = 0 for all i, from which g is Kähler. Also, λ = 0, thus S(g) = K x (g) + x i Q i (g) = 0 and g is Ricci flat. Note that Proposition 5.3 implies the already known result about the non-existence of leftinvariant pluriclosed metrics on nilpotent Lie groups static with respect to the PCF [16] , since the pluriclosed condition forces Jz = z (see [16, Proposition 3.1] ). Moreover, the proposition can be applied to the HCF and we have 
Evolution of Hermitian metrics compatible with abelian complex structures
A left-invariant complex structure J on a Lie group G with Lie algebra g is called abelian if g 1,0 is an abelian Lie algebra. An abelian complex structure has the following properties:
1. the center of g is J-invariant; 2. for any X ∈ g, ad JX = −ad X J; 3. the commutator g 1 = µ(g, g) is abelian or, equivalently, g is 2-step solvable; 4. Jg 1 is an abelian subalgebra of g; 5. g 1 ∩ Jg 1 is contained in the center of the subalgebra g 1 + Jg 1 , see [ Proof. We recall that the Chern scalar curvature of a left-invariant abelian balanced Hermitian structure is always vanishing (see [51] ). Since the center of g is J-invariant and non-trivial, the assumptions of Lemma 5.1 are satisfied and every static metric on (G, J) is Kähler. Finally we recall that a unimodular non-abelian Lie group with an abelian complex structure does not admit any left-invariant Kähler metric [1, Theorem 4.1] and the claim follows.
In the following theorem we consider left-invariant balanced metrics compatible with abelian complex structures. We recall that in general a Hermitian metric is balanced if its fundamental form is coclosed. Balanced Hermitian metrics on Lie algebras with abelian complex structures are studied in [2] . Proof. We compute K and Ric 1,1 of a Hermitian left-invariant metric g on a unimodular Lie group G with an abelian complex structure. Fix as usual a unitary left-invariant frame {Z 1 , . . . , Z n } and let µ the Lie bracket on the Lie algebra of G. Since µ r ij = 0, formulae in section 2 directly imply Furthermore the unimodular assumption together the abelian condition and the Jacobi identity imply (29) µr ik µ Example 6.4. Let g be the 2-step nilpotent Lie algebra with structure equations and J the abelian complex structure given by Je 1 = −e 2 , Je 3 = e 4 and Je 5 = e 6 . If we set
then the bracket takes the expression
In particular every diagonal metric g = a ζ 1 ⊙ ζ 1 + b ζ 2 ⊙ ζ 2 + c ζ 3 ⊙ ζ 3 is balanced and (30) 
